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As cycles are very important in economic models, in this work we analyze what happens
for a model given by a piecewise-linear discontinuous map deﬁned on the plane. As the
main result, it is proved this model is near to being (locally) topologically equivalent to
a rotation. Besides, some counterexamples are provided to demonstrate that the hypotheses
assumed are necessary.
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1. Introduction
To compare and classify dynamical systems, we need to know the qualitative features of their behaviours. Two dynamical
systems are considered as equivalent if their phase portraits are qualitatively similar, namely, if one phase portrait can be
obtained from the other by a continuous transformation (see [4]). More rigorously, we can state:
Deﬁnition 1. A dynamical system {T ,Rn,ϕ} is called topologically equivalent to another dynamical system {T ,Rn,ψ} if there
exists a homeomorphism h : Rn → Rn mapping orbits of the ﬁrst system onto orbits of the second system, preserving the
direction of time. Here T represents the time set, Rn is the state space under consideration and ϕ,ψ are the corresponding
evolution operators of the systems.
At this point, it is obvious that two topologically equivalent systems have the same number of equilibria and cycles of
the same stability type. Besides, their relative positions and the shape of their regions of attraction should also be similar.
Unfortunately, in most cases, it is very diﬃcult to achieve the analytic expression of the homeomorphism which proves
the topological equivalence between two dynamical systems, even for discrete dynamical systems of dimension one (see [5]
and [6]).
Sometimes, it is not so important to ﬁnd the homeomorphism, but some qualitative similar features of the behaviours
(see [2] and [9]). Concretely, for economic models it is more interesting to know what periods have the different cycles. In
dimension one, Sharkovskii’s theorem [7] characterizes the periodic structure of the maps on the interval. In dimension two,
one can ﬁnd some results for difference equations and antitriangular maps mainly in the works by Balibrea and Linero [1].
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deﬁnition allows the cycles to have different types of stability or basins of attraction.
Multiplier-accelerator model, ﬁrst formulated by Samuelson [8], but later treated by Hicks [3] who suggested bounds,
named “ﬂoor” and “ceiling”, has become one of the most studied models for interpreting business cycles. Actually, many
authors have introduced restrictions in order to adjust the model and have analyzed the new periodic structure arising from
these changes. After some of these changes, the model remains as the piecewise linear two-dimensional map
G(Yt, Zt) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
G1(Yt , Zt):
{
Yt+1 = (1+ c)Yt − Zt,
Zt+1 = Yt if Yt  0,
G2(Yt , Zt):
{
Yt+1 = Yt − Zt,
Zt+1 = Yt if Yt < 0.
(1)
Considering c = 2cos(2πm/n) − 1, it is proved that the unique ﬁxed point is a centre-like bifurcation point and (1) is
(locally) topologically equivalent to a rotation of the plane about the origin through a certain angle.
This fact motivated us to suspect that something similar could happens for similar models. This is not completely true,
as we show bellow.
In this work, we deal with the similar model given by the discontinuous two-dimensional piecewise-linear rotation map
F which is deﬁned by
F (x, y) =
⎧⎪⎪⎨
⎪⎪⎩
F1(x, y) =
(
cos(α) − sin(α)
sin(α) cos(α)
)(
x
y
)
if x 0,
F2(x, y) =
(
cos(β) − sin(β)
sin(β) cos(β)
)(
x
y
)
if x < 0.
(2)
For our purposes we suppose that 0 α, β  π in order to have preserving orientation maps.
Assuming that
α = 2πm
n
and β = 2π 1
2k
, k,m,n ∈ N \ {0},
and the rotation numbers verify mn <
1
2k , in this paper it is proved (Theorem 1) that (2) is near to being (locally) topologically
equivalent to a periodic rotation of the plane about the origin.
In the next section, this main result is shown. To complete the study, in the last section, some counterexamples are given
in order to demonstrate that the hypotheses assumed are necessary.
2. Main result
Theorem 1. Assume that α,β  π , α = 2π mn , β = 2π 12k , with k,m,n ∈ N∗ , and mn < 12k . Then the dynamical system given by (2) is
near to being (local) topological equivalent to a rotation.
Proof. We are going to see that for any α = 2π mn with mn < 12k , every orbit of the piecewise-linear rotation map F is either
eventually periodic or (exactly) periodic with rotation number 2m
(2km+n) .
We will call Am/n or simply A the matrix associated to F1 and B the matrix associated to F2.
First of all, as the movement of any point in the right half-plane is always related to the angle 2π mn , we are interested in
the number of different zones of this amplitude in which we can divide this half-plane. It is easy to check that this number
is n2m .
We will take into account this number along the proof. Concretely, we know that there exist q, r ∈ N such that
n = 2m · q + r, 0 r < 2m. (3)
Note that if r = 0, then mn = 12q . So, we would have the even fundamental resonances. The proof in this case is not
diﬃcult, even if mn 
1
k , because of the reﬂection property of the associated matrix Am/n , what means that
Anm/n =
(
1 0
0 1
)
.
On the contrary, if r = 0, we can still divide the right half-plane in (sub-)zones of the same amplitude. Certainly, due
to (3) we have q zones of amplitude 2π mn and a residual zone of amplitude 2π
r
2n .
We name each zone by the number of iterations of the matrix Am/n needed to arrive in the left half-plane, i.e., the zone
nearest to the line x = 0 in the Northeast quadrant will be Z1, the next Z2 and ﬁnally the residual zone nearest to the line
x = 0 in the Southeast quadrant will be Zq+1.
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m
n for all j = 1,2,
. . . ,q. In this way, we are going to distinguish between two cases:
• r divides 2m: Then we can divide the right half-plane in 2mr q + 1 (sub-)zones of amplitude 2π r2n . So, we have nr
(sub-)zones of amplitude 2π r2n . For each zone Z j , j = 1,2, . . . ,q, we denote each (sub-)zone with the (ordinal) number
in the anticlockwise sense. That is, in the residual zone Zq+1 we only have a subzone, coincident with Zq+1, which
is now denoted by the upper index 1, i.e., Z1q+1. In all the other zones we have
2m
r subzones, denoted by the upper
indexes 1,2, . . . , 2mr .
As we shall see, any point of the plane, in one round or at most in two, goes to either zone Zq+1 or to one of the
subzones Z iq with i between 1 and (
2m
r − 1). So, ﬁrst of all, we are going to study the movement of their points,
belonging to Z1q+1 and Z iq , i = 1,2, . . . , ( 2mr − 1).
◦ If the initial point belongs the zone Zq+1, coincident with Z1q+1, one can apply (q + 1)-times the matrix Am/n and
arrives in the left half-plane. Then, the matrix B applies k-times and the point arrives in the subzone ( 2mr − 1) of Zq .
Then, applying Am/n q-times and B k-times, the point arrives in zone ( 2mr − 2). Likewise, at each application of Am/n
q-times and B k-times, the point moves from the zone Z iq to the zone Z
i−1
q . Finally, we get the starting zone Z
1
q+1 at
the same point. Actually, we have that the previous movements are represented by
(
Bk Aqm/n
)2m/r−1
Bk Aq+1m/n = −Bk(2m/r−1)Aq(2m/r−1)+q+1m/n . (4)
Note that, we can assume m,n have no common factor. Hence, as r divides n and 2m, then r divides 2. So r can be
only 1 or 2.
– When r = 1 the expression (4) above reduces to
Aq2m+1m/n = Anm/n = I.
– When r = 2, n is even and m is odd. Therefore, the expression in (4) reads
−Aqm+1m/n = −An/2m/n = I.
◦ If the initial point belongs to the zone Z iq for i = 1,2, . . . , ( 2mr − 1) the movements are similar to those in the case
before. That is, in each turn, by Bk Aqm/n , the point goes down a subzone. In some turns, it arrives in zone Zq+1, where
we can apply Bk Aq+1m/n and return to subzone
2m
r − 1. As it is easy to check, the turns around the origin are given
again by Bk Aq in ( 2mr − 1) and Bk Aq+1 in one time. So, due to the property related to the matrix B , we obtain in
each case the same power of the matrix Am/n which, as we have shown, reduces to the identity.
◦ On the other hand, if the initial point belongs to some other subzone on the right half-plane, then it is the image of
one of the points considered before. As those points are periodic, their images, which are in the periodic orbit, are
also periodic points of the same period. In order to see that, we are going to describe precisely how the movements
of these points are. If the initial point belongs to any other zone of the right half-plane, Z j , then with the application
of Bk A jm/n it reaches one of the points treated before and the go-down movement begins again.
– If the point belongs to a zone Z ij for i = 1,2, . . . , ( 2mr − 1), the turns around the origin are given again by Bk Aq in
( 2mr − 2) times and Bk Aq+1 in one time. After that, we can apply Aq− j and we return to the original point.
– If the point belongs subzone 2mr of zone Z j , then the ﬁrst point we get among those studied before by means of
Bk A jm/n is in subzone (
2m
r − 1) inside zone Zq . So, the turns around the origin are given now by Bk Aq in ( 2mr − 1)
times and Bk Aq+1 in no time. But, after that we can apply Aq+1− j which compensate the turn with Bk Aq+1.
The above clariﬁes the dynamics of any point in the right half-plane. Now, let us consider the points belonging to the
left half-plane.
It is obvious that any of these points reaches a point in the right half-plane in a ﬁnite number of iterations. So, it follows
that each one is either periodic or eventually periodic (of the same period given before). In fact, the points which are
images of (periodic) points of the right half-plane are periodic. The rest of them are eventually periodic, because their
iterations never return to the zone where they were at the beginning, but get the right half-plane where every point is
periodic. Thus, the region x < 0 is made up of wedges of periodic points alternated with wedges of eventually periodic
ones.
The presence of eventually periodic orbits (in the left half-plane) proves that the discontinuous piecewise-linear map
given in (2) cannot be topologically conjugated to a rotation with that mentioned rotation number. Differently, in the
continuous case considered in (1)the equivalent case is demonstrated to be topologically conjugated to a rotation.
• r does not divide 2m: Now, we also have 2m/r (sub-)zones of amplitude 2π r2n inside any non-residual zone of amplitude
2π mn . But, unfortunately, as r does not divide 2m, 2m/r is not an integer number. Then the idea is to divide the zones
Z1, Z2, . . . , Zq and the residual zone Zq+1, also in this case, in different subzones of the same amplitude. So, we have
J.C. Valverde / Topology and its Applications 156 (2009) 3016–3020 3019to look for a number x such that the numbers given by
2π r2n
2πx
and
2π mn
2πx
(5)
are positive integers.
We can choose x = 1/2n and we will have 2m subzones of amplitude 2π 12n inside each zone Z1, Z2, . . . , Zq and r
subzones of the same amplitude inside the residual zone Zq+1. We are going to construct our proof taking into account
those subzones in a similar way we did when r divides 2m.
For each zone, we denote each (sub-)zone with the (ordinal) number in the anticlockwise sense. That is, in the residual
zone Zq+1 we have r subzones, Z1q+1, Z2q+1, . . . , Zrq+1, and in any non-residual zone Z j for j = 1,2, . . . ,q we have 2m
subzones, denoted by upper indexes, Z1j , Z
2
j , . . . , Z
2m
j .
As in the previous case, we have that any point of the plane (except some points of the left half-plane) goes, in the ﬁrst
round (these do it on the second) to either one of the subzones of Zq+1 or to one of the subzones of zone Zq between
1 and (2m − r). So, ﬁrst of all, we are going to study the movement of their points.
◦ If the initial point belongs the zone Zq+1, e.g. subzone Z1q+1, one can apply (q + 1)-times the matrix Am/n and the
point gets the left half-plane. Then, the matrix B applies k-times and the point arrives in the subzone Z2m−2r+1q
of Zq . Then, applying Am/n q-times and B k-times, the point arrives in the subzone Z2m−kr+1q . Likewise, applying
again Am/n q-times and B k-times, the point arrives in zone Z2m−4r+1q . After some turns, we get zone Zq+1 again but
not in the same subzone and hence not at the same point. So, we are not in a periodic point yet and we have to
continue the reasoning. As can be check, thanks to this “go-down” movement of r subzones in each turn, we have
to do lcm(2m, r)/r turns around the origin to reach the same subzone of zone Zq+1, where lcm indicates the least
common multiple. Among these turns, lcm(2m, r)/2m are obtained by applying Bk Aq+1 and the rest by Bk Aq . So, due
to the property of the matrix B , we have that the previous movement can be represented by
(
Bk Aqm/n
)lcm(2m,r)/r−lcm(2m,r)/2m(
Bk Aq+1m/n
)lcm(2m,r)/2m
. (6)
But, we know that
lcm(2m, r)/r = 2m/gcd (2m, r) and lcm(2m, r)/2m = r/gcd (2m, r),
where gcd indicates the greatest common divisor.
So, the expression in (6) reads
(
Bk Aqm/n
)2m/gcd (2m,r)−r/gcd (2m,r)(
Bk Aq+1m/n
)r/gcd (2m,r)
. (7)
Besides, note that we can assume m,n have no common factors. Hence, neither have r,m and gcd (2m, r) is either 1
or 2.
– When gcd (2m, r) = 1, r is odd and the expression (7) reduces to
(
Bk Aqm/n
)2m−r(
Bk Aq+1m/n
)r
what can be simpliﬁed to
(
Bk
)2m
A2mq+rm/n = I Anm/n = I.
– When gcd (2m, r) = 2, r is even and m is odd. Therefore, expression (7) reads
(
Bk
)m
Amq+r/2m/n = −I An/2m/n = (−I)2 = I.
◦ If the initial point belongs zone Z iq with i between 1 and (2m − r) the movement is similar to the case before. That
is, in each turn, by Bk Aqm/n , the point goes down r subzones. In some turns, it arrives in zone Zq+1, where we can
apply Bk Aq+1m/n and return to one of this subzones inside the zone Zq . The turns around the origin are given again by
Bk Aq in lcm(2m, r)/r− lcm(2m, r)/2m and Bk Aq+1 in lcm(2m, r)/2m. So, thanks to the property related to the matrix
B , we obtain in each case the same power of the matrix Am/n which, as we have shown, reduces to the identity.
◦ On the other hand, if the initial point belongs to any other zone of the right half-plane, then it is the image of one of
the points treated before. So, it is periodic with the same period. In order to see that, we are going to describe brieﬂy
the movement of these points. If the initial point belongs to another zone of the right half-plane, e.g. Z j , then, with
the application of Bk A jm/n , it gets one of the points treated before and the “go-down” movement begins again.
– If the point belongs to zone Z ij with i between 1 and (2m − r), the turns around the origin are given again by
Bk Aq in lcm(2m, r)/r − lcm(2m, r)/2m − 1 times and Bk Aq+1 in lcm(2m, r)/2m. After that, we can apply Aq− j and
we return to the original point.
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studied before by means of Bk A jm/n , is in a subzone of Zq between Z
2m−2r+1
q and Z
2m−r
q . So, the turns around the
origin are given now by Bk Aq in lcm(2m, r)/r − lcm(2m, r)/2m times and Bk Aq+1 in lcm(2m, r)/2m− 1 times. But,
after that, we can apply Aq+1− j what compensates the turn with Bk Aq+1.
From this reasoning it results that any point in the region x 0 is periodic. This is not the case in the open half-plane
x < 0 as we will explain bellow.
It is obvious that any of the points in the left half-plane reaches a point in the right half-plane in a ﬁnite number of
iterations. So, it follows that each one is either periodic or eventually periodic (of the same period given before). In fact,
the points which are images of the (periodic) points of the right half-plane are periodic. The rest of them are eventually
periodic: their iterations never return to the zone where they were at the beginning, but get the right half-plane where
every point is periodic. Thus, the region x < 0 is made up of wedges of periodic points alternated with wedges of
eventually periodic ones.
Also in this case, the presence of eventually periodic orbits (in the left half-plane) proves that the piecewise linear map
F cannot be topologically conjugated to a rotation with that mentioned rotation number. However, in the continuous
case considered in (1) the equivalent case is demonstrated to be topologically conjugated to a rotation. 
3. Other results and counterexamples
When having preserving orientation maps in both sides of the plane, the periodic points would have all the same period,
as it seems by computer simulation.
However, when mn >
1
2 the result given in Theorem 1 cannot be true and different periods can appear. This can be easily
check for the case 12k = 16 and mn = 34 , where there exist periodic and eventually periodic points with rotation number 2/5
and, at the same time, all the points of the form (0, y) ∈ R2, y > 0 are periodic with rotation number 3/4.
Considering mn >
1
2k the result still applies, but the rule to get the new rotation number may not persist. Effectively,
for the case mn = 15 and 12k = 16 the result is still true and the new number of rotation is 211 = 2m6m+n . Nevertheless, taking
the case mn = 13 and 12k = 16 , one can easily check that every point is still periodic or eventually periodic, but with rotation
number 1/4 different from 2/9 which is the corresponding rotation number given by the rule in Theorem 1.
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